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Evolution of self-gravitating gaseous stars is governed by the Euler-Poisson
equations:
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Φ = 4πGρ.

Here t ≥ 0, x = (x1, x2, x3) ∈ R3. ρ is the density, v = (v1, v2, v3) is the velocity
field. The pressure P is supposed to be a given function of ρ as P = Aργ , A, γ
being positive constants such that 1 < γ ≤ 2. Φ is the gravitational potential
and G is a positive constant.

Mathematical analysis of this system of equations gives rise to difficulties,
when we consider compactly supported density distributions. Actually the equa-
tions of continuity and motions vanish on the vacuum region. Existence of
time-local solutions to the initial value problem for compactly supported den-
sity was first established in [1] as an application of the theory of quasi-linear
symmetric hyperbolic systems. But there was a weak point: this study required
ρ(γ−1)/2 ∈ H3(R3) ⊂ C1, but equilibria given by the Lane-Emden equation have
finite radii R, provided that 6/5 < γ ≤ 2, and behave as ρ ∼ Const.(R−r)1/(γ−1)

as r → R − 0 so that ρ(γ−1)/2 ∼ Const.(R − r)1/2 ̸∈ C1. It was suggested that
this vacuum boundary affair requires treatment as a free boundary problem.
See [2, p. S223].

After 30 years this point was overcome, at least for spherically symmetric
solutions, by [3] as an application of the Nash-Moser theorem formulated by R.
S. Hamilton. Time evolutions of the form

ρ(t, r) = C(t)(RF (t)− r)
1

γ−1 (1 +O(RF (t)− r))
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near the vacuum boundary r = RF (t) were established. But a restriction that
γ/(γ−1) be an integer is required. If we use the formulation of the Nash-Moser
theorem by J. T. Schwartz, we can treat the case in which γ/(γ − 1) is not
an integer but 1 < γ < 54/53, while P = Aργ(1 + O(ργ−1)) as ρ → +0 but
P ̸= Aργ exactly. See [4]. Independently Juhi Jang studied the same problem
under wider range of γ. See [5]. She does not use the Nash-Moser theorem but
uses the Hardy inequality.

These results can be extended to the problem in the general theory of rel-
ativity, in which the Einstein-Euler equations govern the evolution of gaseous
stars. See [6], [4].

On the other hand, although the structure of spherically symmetric equilibria
is well-known, but it is not the case for axially symmetric stationary solutions
of the Euler-Poisson equations which give mathematical models of uniformly
rotating gaseous stars. We have studied them in [7] and constructed solutions
under the assumption that the angular velocity is small and 6/5 < γ ≤ 3/2.
The evolution problem near this uniformly rotating axisymmetric stationary
solution, given by the “distorted Lane-Emden function” so called after [7], is
still now under construction and open.
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