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Stationary axially symmetric solutions of the Euler-Poisson equations, which govern the internal structure

of barotropic gaseous stars, are considered. A mathematically rigorous proof of the existence of solutions

can be given for the equation of state of γ-law with 6/5 < γ < 2 corresponding to the existence of spherically

symmetric compact models given by the Lane-Emden functions, provided that the angular velocity of the

uniform rotation is sufficiently small.

1. Introduction

A mathematical model of an axisymmetric rotating gaseous

star is given by the equations

−ρ(1− ζ2)rΩ2 +
∂P

∂r
= −ρ

∂Φ

∂r
,

ρζr2Ω2 +
∂P

∂ζ
= −ρ

∂Φ

∂ζ
,

Φ = −4πGKρ.

Here (r, ζ, ϕ) is the coordinate system

x = r
√
1− ζ2 cosϕ, y = r

√
1− ζ2 sinϕ, z = rζ

and K denotes the integral operator of the Newton potential

Kg(x⃗) =
1

4π

∫
g(x⃗′)

|x⃗− x⃗′|
dx⃗′,

where x⃗ = (x, y, z). The variable ρ = ρ(r, ζ) is the density,

P the pressure, Φ the gravitational potential, G is the grav-

itational constant. We consider compactly supported and

equatorially symmetric density distributions. The equation

of state is supposed as P = Aργ with positive constants

A, γ, 1 < γ < 2. The angular velocity Ω is supposed to be a

constant.

The first attempt to construct solutions to this problem

was made by E. A. Milne (1) in 1923 for γ = 4/3, and by

S. Chandrasekhar (2) in 1933 for general γ. But some argu-

ments of these pioneering works contain logical gaps, or are

not mathematically rigorous. On the other hand, a mathe-

matically rigorous treatment was initiated by J. F. G. Auch-

muty and R. Beals (3) in 1971. They established the method

for constructing solutions through a variational problem to

minimize the total energy under given total mass. Along this

line, many mathematical works appeared. However this vari-

ational approach does not give the existence of rotating star

solutions at least for γ < 4/3. Here we introduce an another

mathematically rigorous approach to this problem. This is

done by converting the problem to an integral equation of

the form

u =
b

4
r2(1− ζ2) + G(u).

The integral operator G is defined by

G(u) = 1 +K(u ∨ 0)
1

γ−1 −K(u ∨ 0)
1

γ−1 (O).

Here u ∨ 0 means max{u, 0}. The variable u should coincide

with the enthalpy density∫ ρ

0

dP

ρ
=

γA

γ − 1
ργ−1

when u > 0. The variables u, r have been normalized by

u′ = u/uO, r
′ = r/a, with an arbitrary positive number uO,

the value of u at the center, and the parameter

a =
1√
4πG

( Aγ

γ − 1

) 1
2(γ−1)

u
− 2−γ

2(γ−1)

O ,

and we take the parameter

b =
Ω2

2πG

( Aγ

γ − 1

) 1
γ−1

u
− 1

γ−1

O .

2. Main result

Our result (4) (5) is as follows:

If 6/5 < γ < 2 and if b is sufficiently small, then we have

the unique “distorted Lane-Emden function” Θ(r, ζ; ν, b)

which generates the solution

ρ = ρO(Θ(r/a, ζ; ν, b) ∨ 0)ν .

Here ν = 1
γ−1 . The function (x, y, z) 7→ Θ(r, ζ; ν, b) is con-

tinuously differentiable on the ball D = {r ≤ 2ξ1(ν)}, ξ1(ν)
being the zero of the Lane-Emden function θ(r; ν) of index

ν, Θ(O) = 1, 0 < Θ ⇔ 0 ≤ r < Ξ1(ζ; ν, b), ∂Θ/∂r < 0 for

0 < r < 2ξ1(ν), where Ξ1(·; ν, b) is a continuous function on

[−1, 1] such that 0 < Ξ1 < 2ξ1(ν).

The compact support of the solution ρ is the closure of

R = {r < aΞ1(ζ; ν, b)} and the boundary ∂R is the so-called

physical vacuum boundary, that is,

−∞ <
∂u

∂N

∣∣∣
∂R

< 0,

where N is the outer-ward normal vector at the boundary

point.

The main mathematical difficulty of the problem lies on

that the vacuum boundary ∂R is not given a priori. It is a

kind of a free boundary across which the original equations

turn out to be 0 = 0 with ρ = 0.

The proof of the main result is given by an application of

the implicit function theorem. The key lemma proved by
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using the trick developed by L. Lichtenstein (6) and U. Heilig
(7) says that 1 is not an eigenvalue of the Fréchet derivative

DG(u) of the integral operator G at u = θ(·; ν) considered on

the Banach space of continuous functions on the ball D. Then

the Riesz-Schauder’s theorem guarantees the existence of the

bounded inverse (I − DG(θ))−1, and the implicit function

theorem can work for the integral equation considered in a

neighborhood of u = θ(·; ν), b = 0.

3. Obleteness of the surface

The surface of the rotating star is {r = aΞ1(ζ; ν, b)}. As

for the configuration of the surface, we can show that the

obleteness of the surface defined by

σ =
Ξ1(0; ν, b)− Ξ1(±1; ν, b)

ξ1(ν)

turns out to be positive, provided that b ≪ 1. This is an

important by-product of our investigation. Actually we can

show the concrete expression of the approximated shape of

the distorted Lane-Emden function, which is near to an ellip-

soid, but it is not exactly ellipsoidal. If the configuration was

exactly ellipsoidal, then the density would be constant every-

where inside the star so that the star could not be gaseous but

be liquid. This fact is the “Theorem of Hamy-Pizzetti”.

For a proof see R. Wavre (8).

4. Additional Remarks

We can give an analogous result for more general equation

of state, in which P is a positive and monotone increasing

smooth function of ρ > 0 such that

P = Aργ(1 +O(Aργ−1))

as ρ → +0. For instance, the equation of state of white dwarfs

can be written in such a form. Moreover we can consider the

angular velocity which is a function of r
√

1− ζ2, that is,

differentially rotating stars. The details can be found in the

preprint (5).
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